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Abstract. A unified mathematical form of invertible nonlinear transforms has been introduced 
in the form of fast transform (like to fast Fourier transform). The main goal of this article is to 
show that fast Fourier transforms (FFT) can be both non-linearized and generalized. The non-
linearization and the generalization of FFTs are based on a set of recursive rules, which 
generate nonlinear transforms with a fast algorithm. For each rule, simple relations give the 
number of elementary nonlinear operations required by the fast algorithm.  The resulting 
scheme is formed by three stages. The first stage contains so-called basis 2x2 nonlinear 
transforms (BNLT). The second step is based on sparse nonlinear transforms (SNLT), which 
are direct sums (combinations) of BNLTs. The third stage produces fast nonlinear transform 
(FNLT) in the form of finite number multiplicative superposition of SNLTs. The framework 
developed allows the introduction of generalized transforms, which include all common fast 
transforms. The reported architecture generalizes both linear and non-linear fast transforms, 
which can be considered as a formal framework for generalized signal processing. This 
approach leads to a number of new linear and nonlinear transforms of potential interest, for 
example, for OFDM and CDMA telecommunication systems.We propose a novel modulation 
technique based on nonlinear transforms. The proposed modulation scheme could be used 
directly instead of a conventional orthogonal frequency division multiplexing (OFDM) 
transmitter, resulting in a system possessing all benefits of OFDM along with reduced peak-to-
average power ratio (PAPR). 
1. Introduction 
Non-linear signal processing has emerged in the last years as a specific target for signal processing 
tools, being a direct consequence of the degree of saturation produced in the linear signal processing 
field. At the beginning, non-linear filtering and modelling were under the scope of the filtering theory 
based on generalized nonlinear convolution integral, such as the Volterra model [1,2] or the G-
functional Wiener model [3-5]. Concerning non-linear filtering, nonlinear signal processing based on 
aggregation operators was developed and proven useful to opening up new signal and image 
processing applications [6-14]. More recent non-liner transforms are those approached in a neural 
network framework, particularly the so-called radial basis functions successfully applied in modern 
communication receivers [15-17]. 
In this paper, we present a unified view of discrete non-linear transforms (DNLT) with a fast 
algorithm. A discrete non-linear N -dimension transform is characterized by N non-linear processing 
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   . They form a non-linear transformation (NLT) : N F x y . 
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Figure 1. Non-linear signal transformation (NST). 
 
We see that signal samples 
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 are combined in N  non-linear processing scalar-valued 












    (see figure 1), to form samples 
0 1 1




 of a new signal y . The 
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components 
0 1 1




 of the signal y _ represent non-linear interactions between different time 
samples 
0 1 1




 of the initial signal x . 
In 1957 Andrei Kolmogorov [18] solved the 13th problem of the collection that Hilbert provided as 
the mathematical problems for the 20th century. He proved the existence of a solution, based on 
functions of a single variable, of the problem of finding a continuous function mapping N  inputs and 
outputs. If x  and y  are the input and output vectors of N  components, the existence theorem 
specifies that the processor which maps x  in y  is formed by two stages. The first stage has a 
mathematical representation given by 
1
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  are continuous. We see, that every continuous coordinate function 
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
 is represented as the sum of continuous functions of new individual coordinates. 
Thus, in accordance with the Kolmogorov theorem, all continuous functions of many variables can be 
obtained from continuous functions of one variable using linear operations and superposition. 
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This theorem is not only elegant, but also simple. Its proof is elementarily presented in a brilliant 
article by V.I. Arnold [19]. 
Remark 1. In [20] Gashkov points out that circuit synthesis of continuous functions might be 
important for the analysis of artificial neural systems modelling the human brain. In 1987, R. Hecht-
Nielsen noticed that Kolmogorov’s theorem has an interpretation in terms of neural networks [21]. 
The search of a fast non-linear transforms is of paramount importance in the design of a suitable 
non-linear methods in terms of the digital signal processing. In [22] the authors related the mapping 
theorem of Kolmogorov and FFT for design FNLT. Precisely, it is this theorem, which motivates this 
work. Starting from the usual architecture of FFT, a new architecture for non-linear transforms formed 
by three processing stages is introduced. A closed formulation for the design of such an architecture is 
also presented. The architecture is described in detail. The objective is to find a procedure for fast 
nonlinear processing from only short input data. 
The paper are organized as follows. Section 2 begins an overview of unified approaches to fast 
Discrete Orthogonal Transforms (DOTs) such as the well-known Fast Fourier Transform (FFT), Fast 
Walsh Transform (FWT), Fast Haar Transform (FHT) and similar algorithms for other transforms. 
Section 3 introduces a fast Fourier-like representations for non-linear transforms. The resulting 
algorithms are formed by three stages. The first stage contains so-called basis 2x2 non-linear 
transforms (BNLT). The second step is based on sparse non-linear transforms (SNLT), which are 
direct sums (combinations) of BNLTs. The third stage produces fast non-linear transforms (FNLTs) 
in the form of finite number multiplicative superposition of SNLTs. These stages form a new unified 
approach based on introduction of new families of non-linear invertible fast transforms having a 
unified structure. This approach allows not only to generalize many well-known fast DOTs but also to 
synthesize an infinite number of new linear and non-linear transforms that can be adapted to given 
application. In Section 4 the non-linear Kronecker “product” is briefly described in order to support 
the new architecture of fast non-linear transforms. .New FNLTs generalize both linear and non-linear 
fast transforms, which can be considered as a formal framework for generalized signal processing. 
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 are 
presented as elementary building blocks for designing of FNLTs. Finally, in Section 6, we propose a 
novel modulation technique based on fast non-linear transforms. The proposed modulation scheme 
could be used directly instead of a conventional orthogonal frequency division multiplexing (OFDM) 
transmitter, resulting in a system possessing all benefits of OFDM along with reduced peak-to-average 
power ratio (PAPR). 
 
2. A Little bit of history, and a formulation of a problem 
For some specific transforms of interest such as the Fourier, Walsh-Hadamard transforms, a fast 
algorithm has been found, which requires fewer elementary operations. In 1965 Cooley and Tukey 
[23] developed an algorithm for accelerating the calculation of the DFT which in some ways 
revolutionized the numerical computation of linear (primarily orthogonal land unitary) transforms. 
This algorithm, known as the Fast Fourier Transform (FFT) radix-2. Parallel to the development of 
FFT, there has been a development of similar algorithms for other transforms: Discrete Walsh 
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transform (DWT) [24,25], Discrete Hartley Transform (DHtT) [26,27], Discrete Haar Transform 
(DHT) [28,29]. Some workers have considered the definition of fast algorithms for generalized 
transforms and we mention the works by Andrews, et al. [30-32], [Rao, et al. [33,34] and Labunets 
[35-44] (for so-called many-parameter transforms, wavelet and packets). A unified set of algorithms 
have been developed by Demuth [45], Labunets [46] and [47]. 
 
Figure 2. Fast Fourier transform ( 8N  ). 
 
Fast Fourier transform is the following iteration procedure (see figure 2): 
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Figure 3. 8-point Fast Fourier transform (and interconnections between butterflies). 
 
We see the basic element of the FFT is a number of operations on complex data, called the 
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Every butterfly consists of one complex addition, one complex subtraction and one complex 
multiplication. In this case, each butterfly in effect executes a two-point FFT.  
By combining the butterfly operations in a suitable manner, a 2N point FFT is created. We see that 
the butterfly representation of the FFT algorithm is an elegant representation, showing the data-flow 
and the operations on the data in a graphical manner. In the butterfly representation of the FFT, the 
operations are shown as blocks, and the lines connecting the butterflies represent the data-flow 
between the blocks. 
In this paper, we introduce two new structures for nonlinear signal processing. Both structures are 
based on a n -step decomposition of DFT (where 
2
lo gn N ). Our approach is synthetic and is based 
on the following observation: a few types of fast unitary matrices of small order generate recursively 
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fast unitary transforms of arbitrary order. In this paper, we attempt to generalize the fast linear 
transformations to various non-linear cases based on parallel/serial concatenation elementary nonlinear 
2x2-transforms (non-linear butterfly maps). Using this framework we shall define a large family of 
FUT and derive simply a number of old and new results about the FFT algorithms, other known 
transforms and establish structural properties between transforms. 
 
Figure 4. Butterfly in-place and nonin-place operations. 
 
3. Fast nonlinear transforms 
We shall present two elementary rules which generate a new non-linear ( )N N -transforms from some 
basis non-linear ( 2 2 ) -transforms. These rules will then be used in a constructive and systematic 
fashion to generate non-linear transforms. For each rule we relate the set of elementary basis non-
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. 
Sometimes we will use weights for variables and “amplitudes” for non-linear functions: 
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The analysis of FFT (5) has been done by factorization of the matrix F T  into a set of largely 
sparse matrices, each expressing a stage of computation. The general formulas for nonlinear 
transforms below have been derived for this interconnection scheme. 
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for basis transforms of the type 
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for basis transforms of the type B T . Each sparse transform contains S  basis transforms. 
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Each fast non-linear transform (see figure 5) contains ( 1) / 2L S L N   basis transforms and 
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Figure 5.  Fast non-linear transform contains / 2 16LN   basis transforms and depends on 3 2L N    
non-linear basis functions. 
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It is easy to see that nonin-place radix-2 FNLT (9) can be represented in one of the following two 
standard forms  
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In the first of ones we use standard input ordering and in the second – standard output ordering. All 
three forms (10)-(11) and (14) allow a general universal form: 
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Figure 6. General universal form of FNLT, where basis transforms have standard input and output 
ordering. 
 
where we use basis transforms with standard input and output ordering (see figure 6): 
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4. The explicitly invertible transformation 
In this section, we introduce first of all the simplest version of the explicitly invertible transformation: 
it consists of a change of variables, involving 2 arbitrary functions ( , ), ( , ),   g h  
from 2 quantities 
1 2
,x x  
to 2 quantities 
1 2






     
     





0 1 0 0 0 0 1 1
( , ) ( ) ( )     f f f  and 
0 1 1 0 0 1 1 1
( , ) ( ) ( )     h h h  
then 
0 0 0 0 1 1 00 0 0 0 1 1 0 0 0 0 1 10 0
1 0 0 1 1 11 0 0 1 1 1 1 0 0 1 1 11 1 1
( ) ( )( ) ( ) ( ) ( )
( ) ( )( ) ( ) ( ) ( )
x x xy x
x xy x x
             
          
                
f ff f f f
h hh h h h
 
In particular, we are going to use the following basis transforms 
   
   
   
1 1 2 1 2 1 2 1 1 2
1 2 2 2
2 2 1 2 1 1 2 2 1 1 1 1 2
1 1 2 2 1 2
3 2
2 1 2 2 1 2
4 2
( ) ( ) , ( ) ( ) ,
:     :  
( ) ( ) , ( ) ( ) ,
( ) ( ) ,
:  
( ) (x ) ,
:
y x x x x y x x x x
y x y x x x y x y x x x
y c x sx c x s x x
y sx c x s x c x
         
 
           
       
  

        
f f f f
B T B T





   
   
1 1 2 1 1 2
2 2 1 1 1 2
( ) ( ) ,
 
( ) ( ) ,
y sx c x c x s x x
y sx c x s x c x x
       
  





or in matrix-like form 
   
   
1 2 1 21 11 1
1 2
1 2 2 2 1 22 22 2
1 2 1 21 11 1
2 2
1 2 1 1 1 22 22 2
( ) ( ) ( )
,
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
x xxy x
x x xxy x
x xxy x





          
         
              
         
        
             
1 f f
B T
h f 1 h f
f 1 f
B T
1 h f h f
   
   
   
   
11 1 11 2 2 1 2
3 2
21 2 2 1 22 2 2
1 2 2 1 2
1 2 2 1 2
,
( ) ( ) ( ) ( )
   
( ) ( ) ( ) ( )
( ) ( )
( ) (x )
y x xc s c s
y x xs c s c
c x s x c x s x x






                
 
        
                       
      
 
  
        
1 1 f h f
B T
1 1 f h f
f h f
f h f
   
   
   
   
11 2 1 1 21 11
4 2
2 2 2 22 1 1 1 2
1 2 1 1 2
2 1 1 1 2
,
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )
.
( ) ( )
x xs c c sy
y x xs c s c
s x c x c x s x x




                 
       
                       
      
 
  
        
1 1 f h f
B T




Секция: Обработка изображений и дистанционное зондирование Земли 
Fast invertible nonlinear transforms for intelligent OFDM TCS 
VI Международная конференция и молодёжная школа «Информационные технологии и нанотехнологии» (ИТНТ-2020)  613 
where : co s ,  : s in .c s    It is easy to see that 
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The most remarkable aspect of these transformations is its explicitly invertible character. For example,  
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Note that both the direct and inverse transforms involve only the 2 arbitrary functions ,f h , and not 
their inverses.  
Let 
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Each fast non-linear transform 
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5. The intelligent secrete nonlinear OFDM-TCS 
Most of the data transmission systems nowadays use orthogonal frequency division multiplexing 
telecommunication system (OFDM-TCS) based on the discrete Fourier transform (DFT). Some 
versions of it is: digital audio broadcast (DAB), digital video broadcast (DVB), and wireless local area 
network (WLAN), standards such as IEEE802.11g and long term evolution (LTE and its extension 
LTE- Advanced, Wi-Fi (IEEE 802.11), worldwide interoperability for microwave ACCESS (WiMAX 
IEEE 802.16) or ADSL [48]. The concept of using parallel data broadcast by means of frequency 
division multiplexing (FDM) was printed in mid 60s [49]. 
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The conventional OFDM is a multi-carrier modulation technique that is basic technology having 
high-speed transmission capability with bandwidth efficiency and robust performance in multipath 
fading environments. OFDM divides the available spectrum into a number of parallel orthogonal sub-
carriers and each sub-carrier is then modulated by a low rate data stream at different carrier frequency. 
In OFDM system, the modulation and demodulation can be applied easily by means of inverse and 
direct discrete Fourier transforms (DFT). The conventional OFDM will be denoted by the symbol 
- .
N
O F D MF Conventional OFDM-TCS makes use of signal orthogonality of the multiple sub-carriers 
2 /j kn N
e
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11 2 /
, 0 , 0
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 su b cU  for a software-
based implementation of the OFDM’s modulator and demodulator, transformed this technique from an 
attractive. OFDM-TCS, based on arbitrary orthogonal (unitary) transform 
N
U will be denoted as 
- .
N
O F D MU The idea which links -
N
O F D MF  and -
N
O F D MU  is that, in the same manner that the 























su b c  (rows of the matrix 
N
U ) will satisfy the same property. 
The -
N






















. There are a number of candidates for 
orthogonal function sets used in the OFDM-TCS: discrete wavelet sub-carriers [50]-[51], Golay 
complementary sequences [52]-[56], rectangle pulses [50], Walsh functions [57]-[59], pseudo random 
sequences [60], manyparameter sub-carriers [61-66] based on many-parameter transforms 
1 2
( , , .. . , )
N q
  U . 
Intelligent secrete OFDM TCS can be described as a dynamically reconfigurable TCS that can 
adaptively regulate its internal parameters as a response to changes in the surrounding environment. 
One of the most important capacities of Intelligent OFDM systems is their capability to optimally 
adapt their operating parameters based on observations and previous experiences. There are several 
possible approaches towards realizing such intelligent capabilities. In this work, we aim to investigate 
the superiority and practicability of FNLTs from the physical layer security (PHY-LS) perspective.  
In this work, we propose a simple and effective anti-eavesdropping and anti-jamming Intelligent 
OFDM system, based on many-parameter fast nonlinear transforms. In our Intelligent-OFDM-TCS we 
use 
1 2 1 2
( , , ..., ; , , ..., )
f
P P
F N L T f f f

    instead of DFT 
N
F .  
Each FNLT  depends on P

 of independent Jacobi angles  1 2, , . . . ,
f
P
    and on 
f
P  of 
independent nonlinear functions  1 2, , . . . ,
f
P
f f f , which could be changed in dependently of one another. 
When parameters and non-linear functions are changed, non-linear transform 
1 2 1 2
( , , ..., ; , , ..., )
f
P P
F N L T f f f

    is changed too. The vector of parameters 
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P
P P
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 
      belongs to the -P D

 torus. Intelligent OFDM system uses some 
concrete values of the parameters 0 0 0
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and some concrete the set of nonlinear 
basis functions  
0 0 0
1 2
, , . . . ,
f
P
f f f , i.e., it uses a concrete realization of fast non-linear transform 
0 0 0 0 0 0
1 2 1 2
( , , ..., ; , , ..., )
f
P P
F N L T f f f

   . The vector 0 0 0
1 2
( , , ..., )
q
    and the set  
0 0 0
1 2
, , . . . ,
f
P
f f f  forms of the set 
of all bunches of  - and f -keys (see figure 7), whose knowing is necessary for entering into the 
OFDM TCS with the aim of intercepting the confidential information. 
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searching the bunch of  - and f -keys by scanning with the aim of finding the working parameters 
0 0 0
1 2
( , , ..., )
q
   and  
0 0 0
1 2
, , . . . ,
f
P
f f f  is very difficult problem for the enemy cyber-means. But if, 
nevertheless, this key were found by the enemy in an cyber-attack, then the system could change 
values of the working parameters 0 0 0
1 2
( , , ..., )
q
    and  
0 0 0
1 2
, , . . . ,
f
P
f f f  for rejecting the enemy attack. As a 
result, the system will counteract against the enemy radio-electronic attacks. 
 
 
Figure 7. Bunch of  - and f -keys. 
 
6. Conclusions 
In this work we have presented a unified approach to non-linear transforms having a fast algorithm. 
The use of recursive rules to describe non-linear transforms allows a systematic way to view known 
orthogonal, unitary and non-linear transforms, to generate new transforms. The framework provided 
can be used in several other studies and applications of non-linear transforms. We believe that the 
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